CISC 882, Class??
Singular Value Decomposition of a 2x2 Matrix

Suppose thatl,,, is a real matrix. It has a singular value decomposition
(SVD) of the form
A= Usxa Yoxo ‘/27;2 (31)

wherelU andV are orthogonal, antl is a diagonal matrix of the singular values,
ordered a®; > o9 > 0.

The matriced/ andV do not necessarily have to be pure rotations,i.e., they
may not have a unit determinant. Assume thiais a rotation and’ is not; we
will work with U, an interim rotatioriV, and an orthogonal correction matiix
such that

A=UxvVT =usct™w?” (3.2)
The matrices in Equation 3.2 are:
| cos(f) —sin(f) 1 Gy =S
v = | sin(@)  cos(d) | | So Oy (3:3)
B [ cos(¢) —sin(¢) | Cy =Sy
W= | sint) cos(@) | T | S G G4
+1 0
¢ = 0 =1 (3:5)
Using Equation 3.2 we can expard A as
AAT = uxctwiwestut = usytut
_ T Ju Lu
= UDU" = lLu Ku] (3.6)
and likewise
ATA = woxtutusc™w? = westw?
. T Jw Lw
= WDWT = [Lw Kw] (3.7)
Let the diagonal matrix of Equation 3.6 be
E 0
o-[5 0] @)
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Expandingy DUT in terms of D andU gives

UDUT = U[ Coll 5ok ]

—Se ' Gyl
C?E SQF C(;S@(E F)

(4]

CoE  S,E
—S,F CyF

and likewise
WDWT = W [
C;E — S;F CySy(E — F)
- CySy(E — F) Sj)E + Cj

A
- ] (3.10)

The angles in Equation 3.9 and Equation 3.10 can be foung tisatrigonomet-
ric double-angle identities. For an angle

cos(2¢)) = cos?(1)) — sin?(¥)
sin(2¢) = 2cos(y) sin(v)

UsingUDU?T from Equation 3.9,

Jut+ K, = [C3+S}H(E+F) = (E+F)
J.— K, = [C;—S}(E—-F) = cos(20)(FE —F) (3.11)
2Lu = [CgS@ + CgS@](E - F) = SiIl(Q@)(E — F)
SO
tan(20) = 2L,/(J, — K,)
=60 = 0.5xatan2(2L,,J, — K,) (3.12)
and likewise

tan(2¢) = 2L,/(J» — Ky)
=¢ = 0.5xatan2(2L,, J, — Ky) (3.13)
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The diagonal elements @# can be found front/ DU?. Using Equation 3.11,
we can find the sum and the differences of the element®.ofAssuming that
di1 > doyo, i.e., thatt > F,

Jo+ K, = E+F
V2 —K,)2+4L2 = E-F

SO
E = 05% (Ju + Ky (2= K2+ 4L3) (3.14)
F = 05% (Ju Ky (2 K2+ 4L3) (3.15)
and thus
o1 = \/E
09 = \/F
(3.16)
from which we assemble the singular-value matrix
. g1 0
Y= 0 o ] (3.17)

Next, we must find the correction matriX that rotates or reflectd” to V.
(This is because our derivations have been in terms of tharegwf the matrix
A.) We can derive a matrix from Equation 3.2

Y =U"AWC = (UTAW)C = SC (3.18)

The correction matrixC' will be the diagonal matrix that is the signs of the
diagonal elements df, i.e., it mapsS to X only by changing signs and not mag-
nitudes. This can be written algebraically or in terms of‘#ign” function as

¢ — | S/l 522/(‘)522‘ ] (3.19)
_ | sen(Sn) 0 ]
0 sgn(Sa2)
Finally, we form the orthogonal matriX as
V=wcC (3.20)

which, withU and?;, completes the singular-value decompositioniof
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Matlab Code for 2x2 SVD

function [U,SIG,V] = svd2x2(A)

% [U,SIG,V] = svd2x2(A) finds the SVD of 2x2 matrix A
% where U and V are orthogonal, SIG is diagonal,

% and A=U SIG*V’

% Find U such that U *AxA’ »U’=diag

Ax A’

phi 0.5 =+atan2(Su(1,2)+Su(2,1), Su(1,1)-Su(2,2));
Cphi = cos(phi);

Sphi = sin(phi);

U = [Cphi - Sphi ; Sphi Cphi];

% Find W such that W *=A’ * Ax W=diag

Sw = A'+xA;

theta = 0.5 =*atan2(Sw(1,2)+Sw(2,1), Sw(1,1)-Sw(2,2));
Ctheta = cos(theta);

Stheta = sin(theta);

W = [Ctheta, -Stheta ; Stheta, Ctheta];

% Find the singular values from U

SUsum = Su(1,1)+Su(2,2);

Sudif = sqrt((Su(1,1)-Su(2,2))2 + 4 *Su(1,2) *Su(2,1));
svals = [sqrt((SUsum+SuUdif)/2) sqrt((SUsum-SuUdif)/2)];

SIG = diag(svals);

% Find the correction matrix for the right side

S = U*xAW,
C = diag([sign(S(1,1)) sign(S(2,2))]);
V = WC;



