
CISC 882, Class ??
Singular Value Decomposition of a 2x2 Matrix

Suppose thatA2×2 is a real matrix. It has a singular value decomposition
(SVD) of the form

A = U2×2 Σ2×2 V
T
2×2

(3.1)

whereU andV are orthogonal, andΣ is a diagonal matrix of the singular values,
ordered asσ1 ≥ σ2 ≥ 0.

The matricesU andV do not necessarily have to be pure rotations,i.e., they
may not have a unit determinant. Assume thatU is a rotation andV is not; we
will work with U , an interim rotationW , and an orthogonal correction matrixC
such that

A = UΣV T = UΣCTW T (3.2)

The matrices in Equation 3.2 are:

U =

[

cos(θ) − sin(θ)
sin(θ) cos(θ)

]

=

[

Cθ −Sθ

Sθ Cθ

]

(3.3)

W =

[

cos(φ) − sin(φ)
sin(φ) cos(φ)

]

=

[

Cφ −Sφ

Sφ Cφ

]

(3.4)

C =

[

±1 0
0 ±1

]

(3.5)

Using Equation 3.2 we can expandATA as

AAT = UΣCTW TWCΣTUT = UΣΣTUT

= UDUT =

[

Ju Lu

Lu Ku

]

(3.6)

and likewise

ATA = WCΣTUTUΣCTW T = WΣΣTW T

= WDW T =

[

Jw Lw

Lw Kw

]

(3.7)

Let the diagonal matrix of Equation 3.6 be

D =

[

E 0
0 F

]

(3.8)
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ExpandingUDUT in terms ofD andU gives

UDUT = U

[

CθE SθE
−SθF CθF

]

=

[

C2

θE − S2

θF CθSθ(E − F )
CθSθ(E − F ) S2

θE + CF
θ

]

=

[

Ju Lu

Lu Ku

]

(3.9)

and likewise

WDW T = W

[

CφE SφE
−SφF CφF

]

=

[

C2

φE − S2

φF CφSφ(E − F )
CφSφ(E − F ) S2

φE + CF
φ

]

=

[

Jw Lw

Lw Kw

]

(3.10)

The angles in Equation 3.9 and Equation 3.10 can be found using the trigonomet-
ric double-angle identities. For an angleψ,

cos(2ψ) = cos2(ψ) − sin2(ψ)

sin(2ψ) = 2 cos(ψ) sin(ψ)

UsingUDUT from Equation 3.9,

Ju +Ku = [C2

θ + S2

θ ](E + F ) = (E + F )
Ju −Ku = [C2

θ − S2

θ ](E − F ) = cos(2θ)(E − F )
2Lu = [CθSθ + CθSθ](E − F ) = sin(2θ)(E − F )

(3.11)

so

tan(2θ) = 2Lu/(Ju −Ku)

≡ θ = 0.5 ∗ atan2(2Lu, Ju −Ku) (3.12)

and likewise

tan(2φ) = 2Lw/(Jw −Kw)

≡ φ = 0.5 ∗ atan2(2Lw, Jw −Kw) (3.13)
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The diagonal elements ofD can be found fromUDUT . Using Equation 3.11,
we can find the sum and the differences of the elements ofD. Assuming that
d11 ≥ d22, i.e., thatE ≥ F ,

Ju +Ku = E + F
√

(J2
u −Ku)2 + 4L2

u = E − F

so

E = 0.5 ∗
(

Ju +Ku +
√

(J2
u −Ku)2 + 4L2

u

)

(3.14)

F = 0.5 ∗
(

Ju +Ku −
√

(J2
u −Ku)2 + 4L2

u

)

(3.15)

and thus

σ1 =
√
E

σ2 =
√
F

(3.16)

from which we assemble the singular-value matrix

Σ =

[

σ1 0
0 σ2

]

(3.17)

Next, we must find the correction matrixC that rotates or reflectsW to V .
(This is because our derivations have been in terms of the squares of the matrix
A.) We can derive a matrixS from Equation 3.2

Σ = UTAWC = (UTAW )C = SC (3.18)

The correction matrixC will be the diagonal matrix that is the signs of the
diagonal elements ofS, i.e., it mapsS to Σ only by changing signs and not mag-
nitudes. This can be written algebraically or in terms of the“sign” function as

C =

[

S11/|S11| 0
0 S22/|S22|

]

(3.19)

=

[

sgn(S11) 0
0 sgn(S22)

]

Finally, we form the orthogonal matrixV as

V = WC (3.20)

which, withU andΣ, completes the singular-value decomposition ofA.
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Matlab Code for 2x2 SVD

function [U,SIG,V] = svd2x2(A)
% [U,SIG,V] = svd2x2(A) finds the SVD of 2x2 matrix A
% where U and V are orthogonal, SIG is diagonal,
% and A=U* SIG* V’

% Find U such that U * A* A’ * U’=diag

Su = A* A’;
phi = 0.5 * atan2(Su(1,2)+Su(2,1), Su(1,1)-Su(2,2));
Cphi = cos(phi);
Sphi = sin(phi);
U = [Cphi - Sphi ; Sphi Cphi];

% Find W such that W’ * A’ * A* W=diag

Sw = A’ * A;
theta = 0.5 * atan2(Sw(1,2)+Sw(2,1), Sw(1,1)-Sw(2,2));
Ctheta = cos(theta);
Stheta = sin(theta);
W = [Ctheta, -Stheta ; Stheta, Ctheta];

% Find the singular values from U

SUsum = Su(1,1)+Su(2,2);
SUdif = sqrt((Su(1,1)-Su(2,2))ˆ2 + 4 * Su(1,2) * Su(2,1));
svals = [sqrt((SUsum+SUdif)/2) sqrt((SUsum-SUdif)/2)];
SIG = diag(svals);

% Find the correction matrix for the right side

S = U’ * A* W;
C = diag([sign(S(1,1)) sign(S(2,2))]);
V = W* C;
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